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MULTIAXIAL, TEMPERATURE, AND TIME-DEPENDENT
(MATT) FAILURE MODEL

D. E. Richardson
M. L. McLennan
G. L. Anderson
D. J. Macon
A. Batista-Rodriguez
ATK Thiokol Propulsion Corporation,
Brigham City, Utah

The effects of multiaxial loading, temperature, and time on the failure char-
acteristics of an adhesive are studied. This paper documents the use of extensive
and varied test data in the development of a new multiaxial, temperature, and
time-dependent (MATT) failure model. This new failure model employs a combi-
nation of the Tsai-Wu (or a modified Drucker Prager) failure criterion and a linear
cumulative damage failure model. The model is developed using pure tensile and
pure shear failure data. Verification of the accuracy of the model is evaluated using
multiaxial and creep test data. Model development and verification testing was
completed with a combination of tensile adhesion button and napkin ring test
specimens. The model is shown to be very accurate for a wide range of load com-
binations, temperatures, and failure times.

Keywords: Failure; Multiaxial; Temperature; Time; Adhesive

INTRODUCTION

Extensive effort has been expended in a recent characterization of the
effects of multiaxial loading, temperature, and time on the failure
characteristics of an adhesive (a filled epoxy). In the past, the effects of
each of these conditions were accounted for separately. This paper
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documents the use of the test data from this program in the develop-
ment and evaluation of a combined multiaxial, temperature, and time-
dependent (MATT) failure model. Verification of the failure model will
also be presented.

MATT FAILURE

The following MATT failure model is proposed and will be discussed in
detail in this paper:

AP2J2 þ BPI1 ¼ 1

In this equation, J2 is the second deviatoric stress invariant, and I1 is
the first stress invariant. For an arbitrary stress state

J2 ¼
1

3

s211 þ s222 þ s233
�s11s22 � s11s33 � s22s33

þ 3s212 þ 3s213 þ 3s223

2
64

3
75

I1 ¼ s11 þ s22 þ s33

A and B are shape parameters that define the ellipsoidal nature of the
failure envelope. P is a scaling factor that scales the failure envelope to
a proper level for a given temperature and failure time. Determination
of each of these parameters will be discussed in detail in the following
sections.

As can be seen from the equations given above, for a constant P
value this failure model is equivalent to the Tsai-Wu failure model [1]
that is traditionally used in the evaluation of composite materials.
With a constant P, the model is also equivalent to a modified Drucker
Prager failure model [2].

The use of the P scaling factor makes the criterion unique. The P
scaling factor takes into account the temperature and time depen-
dence of the material being modeled. As will be discussed in the next
sections, this factor will be modeled using a linear cumulative damage
technique [3].

ADHESIVE SYSTEM

The adhesive used in this study is a commercially available aliphatic
amine-cured epoxy. Fiber and powder fillers are used in the formula-
tion to provide thixotropic behavior and increase the fracture energy of
the adhesive. The adhesive was vacuum-mixed and cured with stan-
dard procedures.
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Surface preparation of the metal substrates used for testing
entailed an aqueous detergent wash followed by grit blasting using a
commercially available aluminum silicate. A silane primer was
applied to the grit-blasted bond surfaces in order to improve adhesion.

TENSILE ADHESION

The first step in understanding and developing the failure model is to
discuss tensile adhesion failure data. The results of this testing have
been documented earlier in more detail [4, 5] and are only included
here for reference.

The tensile adhesion testing was completed using a tensile adhesion
button specimen (Figure 1).

Tensile adhesion tests were conducted at temperatures ranging
from 729�C to 46�C (720�F to 115�F) and at load rates that had failure
times ranging from minutes to days. No time dependence in failure for
this adhesive was observed for temperatures below 4�C (40�F), well
below the glass transition temperature. The constant load rate test
data were used to develop a linear cumulative damage failure model
[3�5] of the following form:

Ns ¼
Z tf

0

sbi dt

� �1�b

where Ns and b are experimentally determined failure parameters, si
is an applied stress as a function of time with a corresponding failure
time tf. Ns is a characteristic measure of the capability of the material
and represents the accumulation of damage in the material, and b
defines the level of damage being accumulated for a given stress level
in the load history. For a constant rate load history, b is the slope of the
strength versus time curve in log-log space.

In the case of constant tensile-stress rate loading (used for this
testing) with a rate of _ss, the stress at any time is given by

si tð Þ ¼ _sst

Using the above equations, the failure time (tf) and failure stress (sf)
can be shown to be

tf ¼ 1þ bð Þ Ns

sf

� �b

sf ¼ Ns
tf

1þ b

� ��1
b
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FIGURE 1 Tensile adhesion button.
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As can be seen in the equations, the log of the failure stress is a linear
function of the log of the failure time. Failure data can be plotted in
log(stress)-log(time) space to the following form:

logðsf Þ ¼ m logðtf Þ þ b

where m is the slope and b is the intercept. Ns and b can be evaluated
from the relation given above using the following relationships:

b ¼ �1

m
Ns ¼ 10

b�logð1þbÞ
b

Test data ranging from 21�C to 46�C (70�F to 115�F) are shown in
Figure 2. The linear nature of the failure data described above can be
seen in the figure. This linear relationship holds for each temperature.
It should be noted that these test temperatures are below the glass
transition temperature. It is doubtful that this linear trend would hold
through the glass transition, especially for under-cured adhesives.

Using the slopes and intercepts obtained from the curve fits seen in
Figure 2, the Ns and b values for each temperature are obtained using
the equations above. Both Ns and b vary linearly with temperature as
shown in Figures 3 and 4.

If the linear relationships derived from these figures are input
into the cumulative damage failure model, a single temperature and

FIGURE 2 Tensile button failure data.
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FIGURE 3 Ns versus temperature.

FIGURE 4 b versus temperature.
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time-dependent failure model is developed for the analyzed tempera-
tures and times.

VERIFICATION OF TEMPERATURE AND TIME
CHARACTERIZATION

Prior to proceeding with the development of the MATT failure criter-
ion, it is important to review the testing that was completed to verify
the time and temperature-dependent failure model [5]. Creep resis-
tance testing using tensile adhesion buttons was performed to provide
this verification.

Using the linear cumulative damage relation described above,
failure times and stresses can be predicted for constant stress condi-
tions:

si tð Þ ¼ constant ¼ sk

tf ¼
Ns

sk

� �b

sf ¼ Nst
�1
b

f

Predictions of creep failure conditions can be seen in Figures 5�8 (for
comparison purposes, all plots have equivalent axis definitions).
Failure times range from less than 1h to approximately 5 months. The

FIGURE 5 Creep data and predictions for 21�C (70�F).
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FIGURE 6 Creep data and predictions for 32�C (90�F).

FIGURE 7 Creep data and predictions for 41�C (105�F).
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test data indicate that the characterization of the time and tempera-
ture dependence was successful (and conservative) over this wide
range of times and temperatures.

SHEAR ADHESION

The time and temperature dependence of shear failure was also
characterized using napkin ring shear adhesion specimens
(see Figure 9) [6�8]. Similar to the tensile adhesion testing, the shear
adhesion tests were conducted at temperatures ranging from 729�C to
46�C (720�F to 115�F) and at load rates that had failure times ranging
from minutes to days.

To evaluate the multiaxial nature of adhesive failure, predictions
were made of average tensile adhesion button failure loads (using the
cumulative damage failure model) for the same temperature and
failure times as the constant shear load rate test. The ratios of these
failure loads can be seen in Table 1. The load rates in the table differ
by an order of magnitude (load rate #1 is two orders of magnitude
faster than load rate #3).

Note that the ratio between the shear data and the tensile data is
nearly constant at (0.80) for several temperatures and load rates. This
leads to the conclusion that shear failure for the adhesive can be
predicted for any temperature and failure time (within the range

FIGURE 8 Creep data and predictions for 46�C (115�F).
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FIGURE 9 Napkin ring test specimen.
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tested) if the tensile strength is known for the same temperature and
failure time. This is accomplished by using the cumulative damage
equations presented above where:

tf ðT; tf Þ ¼ 0:8sf ðT; tf Þ

The accuracy of this relationship can also be seen in Figure 10. Similar
accuracy was noted for tests conducted at 32�C and 41�C (90�F and
105�F).

TABLE 1 Ratio of Shear=Tensile

Temperature Load rate Ratio

21�C (70�F) #1 0.81
21�C (70�F) #2 0.79
21�C (70�F) #3 0.77
32�C (90�F) #1 0.81
32�C (90�F) #2 0.82
32�C (90�F) #3 0.79
41�C (105�F) #1 0.79
41�C (105�F) #2 0.83
41�C (105�F) #3 0.82
46�C (115�F) #1 0.78
46�C (115�F) #2 0.83
46�C (115�F) #3 0.86

FIGURE 10 Shear data and prediction.
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MULTIAXIAL

Two important points can be made from the tensile and shear data.
First, it can be seen that the ratio between the tensile adhesion and
the shear adhesion failure is constant and independent of time and
temperature. This leads to the conclusion that the shape of the failure
surface (not the size) is independent of temperature and failure time.
Hence the A and B shape factors in the MATT equation can be used to
define the shape of the failure surface.

The second major point is that the tensile and shear adhesion
temperature and time dependence appear to be equivalent. This leads
to the conclusion that the failure ellipse can be scaled to appropriate
levels for a given temperature and failure time. Thus, the scaling
factor, P, can be used to define the size of the failure ellipse.

It is not clear if these conclusions and the described relationships
will hold valid near or above the glass transition.

As discussed earlier, the failure surface generated by this failure
criterion is elliptical in shape. The coefficients can be determined if
two data points are provided for a given failure time and temperature.
Therefore, the basic shape of the failure surface for this adhesive is
defined by the fact that the shear adhesion strength is 80% of the
tensile adhesion strength.

The napkin ring specimen induced a nearly pure shear loading
condition, but the tensile adhesion button has a multiaxial loading
condition. By finite element analyses it can be shown that the tensile
adhesion button will have the following peak stresses during loading:

s11 ¼ 1:04ðsf Þ
s22 ¼ s33 ¼ 0:61ðs11Þ
t12 ¼ t13 ¼ t23 ¼ 0:0

If it is assumed that tf¼ 1.0 and sf¼ 1.25 (tf¼ 0.8sf), then it can be
shown that

A ¼ 1:0

B ¼ 0:31754

The magnitude of the scale factor, P, can be found for any application if
the temperature and time-dependent failure is characterized for a
specific stress state. For this study, the temperature and time depen-
dence of tensile adhesion failure is known and utilized.

Theoretically, any other loading conditions may be used (e.g., uni-
axial or shear). The P in the MATT failure criterion is the factor which
forces the failure surface to pass through the known failure value
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(tensile adhesion for this study) for a given temperature and failure
time.

For this study in which tensile adhesion button data were used, it
was important to account for the triaxial state of stress in the bondline
for all temperature and time conditions. This can be completed
through closed-form solutions of the stress state or through finite
element analyses.

If the above noted A and B values are used in conjunction with the
tensile adhesion failure values for cold temperatures,729�C to 4�C
(720�F to 40�F), or the cumulative damage model for warm tempera-
tures, 21�C to 46�C (70�F to 115�F), failure can be predicted for any
load combination, temperature, or failure time. If this MATT failure
criterion is used to predict the tensile adhesion and shear adhesion
failure data between 21�C and 46�C (70�F and 115�F) described in this
report, the coefficient of variation is 9.3%. This low coefficient of var-
iation indicates that the failure model provides a very good fit of the
failure data for both tensile and shear loadings, under different tem-
peratures, and for a wide range of failure times.

VERIFICATION OF MULTIAXIAL

The temperature and failure time dependency was verified with the
tensile, shear, and creep data discussed earlier. The multiaxial nature
of the failure theory is verified using separate multiaxial test data
generated with the napkin ring specimen [6�8]. The test specimens
were loaded with both normal and shear stresses. The raw test data
and the MATT prediction can be seen in Figures 11�15. As can be
seen, the predictions accurately match the test data.

EXAMPLE

To show the utility and simplicity of the model, two examples are
presented. Assume that a factor of safety needs to be calculated for a
specific stress state, si* (with corresponding J2* and I1*), that is held
at a constant temperature, T*, and held at a constant load for an
evaluation time of t*.

For this example, it is assumed that the A and B shape factors have
been determined and that the time and temperature dependence of a
uniaxial test specimen has been characterized. For simplicity, uniaxial
failure is used in this example, not tensile adhesion failure (the con-
dition that has been characterized in this study). Once again, the
loading condition used to characterize the temperature and time
dependence can be with any combination of stresses.
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FIGURE 11 Predicted multiaxial, 77�C (20�F).

FIGURE 12 Predicted multiaxial, 4�C (40�F).
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FIGURE 13 Predicted multiaxial, 21�C (70�F).

FIGURE 14 Predicted multiaxial, 32�C (90�F).
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Before the factor of safety can be calculated, the P scaling factor
must be determined. Using the linear cumulative damage failure
model for constant load conditions, the failure stress of the material in
uniaxial loading is found using the equations described above to be as
follows:

suniaxialf ¼ Nst
�
�1
b

where the appropriate temperature-dependent Ns and b are used. The
P factor is determined to be the factor that will cause the MATT failure
surface to pass through this point. For a uniaxial load,

J2
� ¼ ðsf uniaxialÞ2

I1
� ¼ sf uniaxial

P can be shown to be

P ¼
�Bsuniaxialf þ ðBsuniaxialf Þ2 þ 4Aðsuniaxialf Þ2

h i1=2
2Aðsuniaxialf Þ2

Now that the MATT failure surface is defined (A, B, and P are known),
the factor of safety (FS) can be calculated by solving the following
quadratic equation:

AP2J�
2ðFSÞ

2 þ BPI�1ðFSÞ ¼ 1

FIGURE 15 Predicted multiaxial, 46�C (115�F).
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A similar approach can be used to predict the time to failure for a
given stress state, si

* (with corresponding J2
* and I1

*) and constant
temperature, T *. In this case, the P scale factor that causes the MATT
failure curve to pass through the specified stress state is determined:

P ¼
�BI�1 þ ðBI�1Þ

2 þ 4AðJ�
2Þ

2
h i1=2

2AðJ�
2Þ

2

Using the given A, B, shape factors, and the P scaling factor, the
uniaxial failure stress that passes through the same MATT failure
surface can be found using:

suniaxialf ¼
�BPþ ðBPÞ2 þ 4AP2

h i1=2
2AP2

The failure time is then calculated using the linear cumulative
damage model:

tf ¼
Ns

suniaxialf

 !b

given that the appropriate temperature-dependent Ns and b are used.

CONCLUSIONS

A multiaxial, temperature, and time-dependent failure criterion has
been proposed and evaluated for an epoxy adhesive. The failure cri-
terion has been shown to be applicable for temperatures ranging from
729�C to 46�C (720�F to 115�F), and has been shown to predict
multiaxial failure accurately for constant load rate and constant load
test specimens with failure times ranging from minutes to months.
The failure criterion is general and can likely be extended to other
material systems.
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